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ON THE RESTRICTION OF THE FOURIER TRANSFORM
TO A CONICAL SURFACE

BY
BARTOLOME BARCELO TABERNER

ABSTRACT. Let I' be the surface of a circular cone in R3. We show that if
1<p<4/3,1/g=3(1-1/p) and f € LP(R3), then the Fourier transform
of f belongs to L9(T',do) for a certain natural measure o on I'. Following P.
Tomas we also establish bounds for restrictions of Fourier transforms to conic
annuli at the endpoint p = 4/3, with logarithmic growth of the bound as the
thickness of the annulus tends to zero.

1. Introduction. Given a conical surfaceI' in R? and f € LP(R3), 1 < p < 4/3,
we prove that we can restrict the Fourier transform of f, f(&) to the surface of the
cone, and we have the bound

. 1/q
(1) ( / If(é)lqda(£)> < Cpall flrms),

where 1/¢q = 3[1 — 1/p] and do(&) = r~! du(&), with du the Lebesgue measure over
I' and r the distance to the cone vertex.

This measure is a necessary condition as seen by homogeneity arguments. The
homogeneity of the measure absorbs that of the Fourier transform.

Observe that in a compact piece of I', do is like the Lebesgue measure.

In an unpublished work, A. Cérdoba and E. Stein proved that such inequality
is true for ¢ = 2 in R™. R. Strichartz [5] later extended the result to more general
quadratic surfaces. Their proof is done by estimating the Fourier transform of the
singular measure over the surface and by using a complex interpolation argument.
The conjecture, however, was that the indices p and g, for which (1) holds true, are
1<p<4/3,1/g=3[1-1/p]

The idea of the proof consists of desingularising the measure and making f a step
function, in order to continue with geometrical arguments in a good decomposition
that will allow us to prove the dual bound for (1). The present work follows, in
a certain sense, the line introduced by A. Cérdoba (see for example [1]) and later
followed by A. Ruiz [3].

In the third section we go on to prove that for p = 4/3 such an inequality is not
possible, but it has a logarithmical growth in the following sense: if the surface of
the cone is expanded a little in a homogeneous way, that is, at a certain height r, it
has a thickness ér, and if we call the “fat” cone obtained in this way, I'*, we then
have

. de \¥/*
(2 (5 [ 170re )™ < cliogsl - 1y
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Observe that, if the factor |logé| did not exist on the right-hand side of (2), we
could obtain the inequality (1) by letting 6 go to zero for p = ¢ = 4/3. This is the
reason why we affirm that there is a logarithmical growth of the restriction.

To prove (2), we follow P. Tomas [7] who proves the same result for the boundary

of the unit circle. To do this, if (&) is the characteristic function of I'* and we

set .
Vs (&) = !él—3/2¢5(£)7

(2) can be written as

(3) l|¢6f||4/3 < 053/4110g5|1/2]|f||4/3

and, by duality, if we define the multiplier (T f)"(€) = s (€)-f(£), (3) is equivalent
to

I Tsf]|la < C6%410g 8]/2|| || 4,

which is what we prove in Theorem 2.

Different constants may appear in the course of the proof and these will be
denoted by the same letter C. When we say that a family of sets has a disjoint
intersection, or that it has a finite overlapping, we mean that the number of sets
that contain a given point is bound by an absolute constant that is independent of
the decomposition. Consequently, the bound obtained will only be changed by a
constant factor.

On the other hand, these results are sharp in the sense that Theorem 1 is false
if p>4/3or1/q#3[1—1/p]. Also, there is inevitably a power of |logé| on the
right-hand side of the inequality of Theorem 2.

Finally, I am deeply grateful to Professor A. Cérdoba for his constant encour-
agement and advice regarding these problems.

2. Let I" be a conical surface in R3 and let do be the singular measure introduced
before.

THEOREM 1. We have the a priori inequality

R 1/q
(4) ( / If(&)l"do(f)) < Cpallflly

for every f € S(R3) and 1 <p < 4/3,1/3 =3[1—1/p].

PROOF. Due to the fact that the Fourier transform is well behaved with respect
to translations and rotations, we may assume, without loss of generality, that the
cone has its vertex at the origin and that it is generated by the half-line z = z,
z > 0, around the z-axis. We then have the cartesian equation 22 = 22+ y?2, z > 0,
and we can parametrise it by

z=r, zT=rcosf, y=rsinb,

and with this parametrisation do is do = dr df.

It is sufficient to consider the first quadrant 0 < 6 < 7/2, since the symmetry of
the cone will allow us to treat the other cases equally and the result will only be
affected by a different constant. We divide the cone into dyadic pieces I'y, n € Z,
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FIGURE 1

where T',, is the part of the cone comprised between the planes of height 2" and
2ntl,

Given that § > 0, we expand I'g in the radial direction by a thickness ér, in such
a way that we obtain a “fat” cone I'j, and at a height z with 1 < 2z < 2 we obtain
thering 0 <0 <7/2,2(1-6/2) <r<z(1+46/2).

We now divide T'§ into §~1/2 x §~1/2 tiles Qoj.,, where Qq;,, will be the tile of
dimensions 6 x §1/2 x §1/2 formed by the points of I'§ at a height 1+ 761/2 < 2 <
1+ (5 +1)6'/2 and with an angular direction §'/2v < 8 < §'/2(v + 1).

Once we obtain the decomposition of Iy, we obtain I';, and, by homogeneity, a
similar partition of I'% into tiles. In this way, I'% will be divided into §=1/2 x §=1/2
pieces Qn,., where Qy;, is the tile of dimensions 26 x 2"61/2 x 2"§'/2 at a height
2n 4 27561/2 < z < 27 + 27(j + 1)6/2 and an angular direction 6% < 6 <
61/2(v+1). For purposes of calculations, we may assume that Q,;, are rectangular
tiles adapted to the surface.

We set I'* = |J,, ', and we call o, the characteristic function of Qnj..

To prove inequality (4), in desingularising the measure, it is sufficient to consider

. (1 o de YT
Z q %S <
i (3 [ 17@1E) T <o,
and to prove this inequality by duality, it is enough to take functions g({) =
an,, anjvPnjv(€) that are constant in each tile, so that for each sufficiently small
6>0

Anju 4
(5) E ﬁ‘pnﬁ/ < Cé'/a Z AnjvPnjv
njv njv

p’ q’

where p’ and ¢’ are the dual exponents for p and ¢ respectively.
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Because only the limiting case § — 0 is of interest, we consider any fixed portion
2=M < z < 2M of the cone, and we shall prove (5) for M fixed with bounds
independent of M once ¢ is sufficiently small.

We take then a,;, =0 for |n| > M. We consider also é such that

In —m| < [log, 6|/2

because this geometrically means, if for example m < n, the diameter of I'}, is
smaller than each tile in I'},. This is necessary for the computations that follow.

Since p’ > 4, we can apply the Hausdorff-Young theorem to the left-hand side of
(5), with 1/s +2/p’ = 1; then

»' 1/p’
a; nv a
Q [|S g2 ene)| de
njv
pl/2 2/p'~1/2

= / DD R i) Prn(€)] dE

nm jk vu

s 1/2s

a Amk
[ 3)3)3F- e

nm jk vp

IN

s 1/2s

<o [|SOX ot v )]

m<n jk vp

AnjuvAmkyu
<c| ¥ |f S5 gty eriale)|
r=n—-m2>0 v

1/2

=C|> A

r>0

where, for fixed r > 0, A, is the above expression with parentheses in which, once
n is taken, mism=n —r.

Note also that r < |log, 6|/2 because we are in the fixed portion 2=M < z < 2M
of the cone.

The proof follows by carefully analyzing the different terms inside the integrand.
To do this we need to estimate the size of the supports and how they overlap.

The role of the z-coordinate appears in the vertical overlapping, while the hori-
zontal one is used to study the convolution of a measure f(8) df on circles of distinct
radii living in R2.

To estimate A,, as we shall see in the calculations below, if m is close to n,
the overlapping is small and the size is large. But if m moves away from n, the
overlapping increases and the size decreases. It is marvelous to observe that one
exactly compensates the other.
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To measure the vertical overlapping, if m < n, we consider in I, the 2™ /§1/22"
rings I'};, where I'}; is the ring of height é 1/29n obtained by the union | J ko @rrkeps’ s
with u varying over all angular directions and k such that

61/22711 < 51/22mk < 51/2271(1_'_ 1)'

Hence
[Tyas + 5upp(©nju)] N [Tmir + sUPP(pnjr)] # @
for [ + 7 = 1"+ 7/, while this intersection has a finite overlapping independent of é
ifl+7#£U+75".
Thereby, fixing n,m, a point in I'%,; +supp(n;. ) belongs at most to 2™ /§1/22"
different sums of this k1nd
Since

supp (‘Pnju * Z @mky) M supp <‘pnju * Z Pmk’u) # O
u u

for all k,k’ with supp(3_, ©mku) C Ty and supp(3, @miru) C T, and there are
2™ /2™ of these indices, it results that a point in supp(goml, * Z” ©miky) belongs at
most to

(2m/51/22n) . (2n/2m) — 5_1/2
different supports of this class.

This provides us with the vertical overlapping. We therefore have

(7)
Sa- x> 4 222232’/232",,’,“7q¢w Prk(e)| da
r 1M

0<r<d/2|log, 6|
r=n—-m

(s—=1)/2

< ¢ Z ZZ 22ns/q22ms/q

n-m<|log, 6| | n jk
m<n

E AnjvPnjv

s 1/s

* E Omkp Pmkp (:l)) d.'l)} .

u

Let us now go on to estimate the horizontal overlapping. We have to bear in
mind that if two supports Qn;, and Qmk, have small angular separation |v — ul,
then the size of the sum Q ;. + Qmk, is going to be as large as Q;, and there will
be considerable overlapping with other supports. The contrary happens if there is
a large angular separation.

Once we have fixed the heights j and k, in order to study the situation it is
sufficient to observe how it works in a section Sji perpendicular to the cone axis
at a height

0 4 2™ 4 Y29 4 s/ om
because supp(©nju * ), Pmiu) is found at this height and the final sum Qnj. +

Qmkyu would be obtained by moving its section with S;; parallel to the vertical
direction of Qnjy.
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FIGURE 2

In the S;i plane, supp(©njv * ©mky) is centered at the point
9 (1 4 §/2))emvi/2 4 gm (1 4 §Y/2k)gmhi/?
and is essentially like a block of length 2"6'/2 and width
61220 4 61 29m sin((Jv — u| + 1)6%/2).

Also, Supp(¢nju * ©mky) is translated a distance 6'/22™ sin(jv — p|6'/2) ~
62™|v — p| from supp(@njv * ©mk,u+1), as is observed if it is projected in the
v direction.

To measure the number of sums supp(©n;. * ©mk,) that overlap, we will distin-
guish the following two cases:

(@) v —pl+1< 207,

In this case a point belongs to no more than N different supports, with N such
that

2w —pul+82™ (v —p| - 1)+ - + 62" (Jv — u| — N) =~ 627,

that is N < 2"~™/(|v — u| + 1). Moreover,

Isupp(‘Pnju * Pmkﬂ)l =~ Isupp(sonju)l = 523"
and
||50nju * @mku”oo = lsupp(kau)I = 5223m§
hence [ |Pnju * Pmiu(z)|® dz < C§25+223ms23n,
(ii) lv — p|+1>27"™,
Then supp(¢n;v * ©mku) has a finite overlapping when p varies, and
|supp(©nj * Pmiu)| < C6222°2™(Jv — pl + 1),
lonsu * Omiulloo < CE222™ /(Jv — p| + 1).

Therefore,
623—{—') 2n(2+s) 2m(2s+1)

(Iv = pl + 1)1

/ [Pne * O (x)|* dz < C
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Then with (i) and (ii) we can write

§-(s=1)/2

(m<c E {EZ 922ns/q92ms/q

n—m<]|log, 6|
m<n

2™ N i203n03
lv—pl+1<2n—m v —ul+

1/s
n 3 §25+2gn(2+8) gm(2s+1) [anjul®lamiul®
Jy—p|+1>2n—m (lu_“|+1)8 1

—(s—=1)/2528+29m(2s+1)9gn(2+s)
<c ) 6 2 2

<c ) > TaTaz?
nem S0 6] { - 22ns/q92ms/q

1/s
Z Ianjulslamkyls /
o (v —pl+ 1)1
and by a fractional integration argument

Z lanjU|s|amku|s
— -1
(o=l + 1)°
(3-s)/2

(3-9)/2
<C (Z Ianjul2s/(3_3)) (E |amku|2s/(3_s)> ;
v ©

hence

< (3s—3)/sg—|n—m|(s—1)/s
(n<c é 2

n—m<|logy 8|
m<n

(3-3)/2
z (Z |anjul2s/(3—s)5223n)
n v

(3-5)/2
. (Z Iamk“IZs/(S—a)6223m)

kp

1/s

(8-3)/s
< 06(3.9——3)/3 Z 2-|n—m|(s—1)/s E |anjul2s/(3—s)6‘223n
n—m<|logy 8|

njv
but
S grleemie-vse < g
n—m<| log, 6|
m<n

and then we have proved
(3-3)/s

ZA, < C5Bs=3)/s E g 25/~ 62937

r>0 njv
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Now, observing that (3s—3)/2s = 1/q, (3—s)/2s = 1/¢’, we can conclude finally

1/2
Anju 4
Z ?%/‘&‘pnju < C (Z Ar) < 051/(1 Z AnjvPnjv
p’ ’

njv njv

b

@
which is inequality (5).

We notice that in fact we have proved a more general theorem:

Given any strictly convex cone in R3, that is, a surface I' given by z = r(z,y)
where r(z,y) > 0 is homogeneous of degree 1 on R? with {(z,y)|r(z,y) = 1}
having positive curvature at each point, if do is the measure do = r?dyu where
—2 < 3 < —1 and du the Lebesgue measure over I', then we have

l_ﬁ 2+,BI

I fllLa(r,do) < CpgllfllLe(rsy where p' > 25+ 5 and ¢ = =7

The proof is the same as in Theorem 1 introducing the straightforward changes.
The result is sharp as we can see using homogeneity arguments.

3. Using the decomposition and the notation of the previous section, let 15(&)
be the characteristic function of the “fat” cone widened by a thickness ér, I'*, and

let )
¥s(6) = 1737z 09(6)

Then we define the multiplier
(Ts£) (&) = ws(€) - £(€)-
THEOREM 2. There exists a constant C, independent of 6, such that
(8) I1Ts flla < C8%4|1og 8]"/2| £l
for every f € S(R?®).

PROOF. If (&) is the characteristic function of the dyadic piece of the cone I';,,

we set Y3(&) = pF(€) - ¥s(¢) and let Sy, be the multiplier gSnf)A(f) = 92(&)- f(8).
By the Littlewood-Paley theorem || Ts f|[4 = [|(3_,, |Snf]?)!/?||4, which implies

1/2 2
712 _ £ 2
(E 1541 ) - /R 3 (Z |Snf(€)] ) d¢
=3 / 1. /(€) - Sm (P de = / |(Snf)™* (S f) (2) | dz

2
dr,

4

9) ITsfl5 ~

1 1
Z anju * E meky.(x)
Jv k

m

SCZ/

m<n

where frnj, = f - ©nj. is the restriction of f to the tile Qnj.,, which is in I'}, at a
height 2" + 2756'/2 and an angular direction §1/22™v.
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We now divide sum (9) into |logy 6| blocks of n,m indices, in each of which we
have n —m > |log, é|. Let A be one of these; then

2
1 1
(9) < CI 1032 5' Z /’Z 23n/2 fnju * Z mek#(z) dr
n,meA juv PP
m<n
2
1
\ Cl 10g6| (X:A/ 2371,/2 fn;w Z meku(x) dz
ne
(10)
2
A 23'n/2 fn_‘,u Z 23m/2 fmku(z) dz
n’f:;n<€n

1y (@)

= C|log 6| (Z+Z).

(a) To estimate » ;) we observe that

supp <E fnju * Z fnku) M supp (Z fnj'u * E fnk’u) # O
v " v m

if and only if |5 — j/| + |k — k'] < C, where C is independent of 4.
As j,k vary from 1 to §71/2; we have that supp(3}_, fnju * > frku) has a
maximal overlapping with other supports of § ~'/2, and in this way

2
1 1
Z Z / 23n/2 Inv * E anku(z) dz
(1) neA ”
2
§—1/2
26n * E fnky, (x) dﬁlf
§-1/2
B CZ S 26n ZE/Ifn]V*fnkp(x), dz
" gk vp

since
Supp(fnjv * frkp) NSUPP(frjv * frkw ) = &
if (v, ) # (V', 1)
LEMMA 1.

(11) /Ifnju *fnku( )' dz < Ci——— 52

| l + 1“fn]u”2”fnkp“2

PROOF. By the Cauchy-Schwarz inequality

|fn.7v * fnkﬂ(z)lz (lfnJVlz ,fnku|2)(x) (XQnJu * Xan,.)(x)
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Then integrating this inequality and using
IXQuns0 * XQuiu lloo < C6* 2™ (I — p| + 1)

we obtain (11).

Given the lemma we have

n L frgor 1311 frkes |13
¥ <oy e o3 el

(1) Jk v

1/2 1/2
1
<0823 S [log | (Z ||fnju||§) - (Z ||fnk#||é>
n Ik v Y
1/2 1/2
< C8%/? Z llog 6' 1/2)(1/2).2 (Z ”fn]ullg) ’ (Z anku“%) ’
Jv kp

and since
il = / Fuiol? < (8225 V2] fuiul2,

we finally obtain

(12) > < 06|log6|262 - (Z ||fnjun:i)
Jv

(1)
= C8%|10g 8] Y _ || fnju 1 = C8°|log 8] || f1I5-

njv

(b) We shall now estimate

dz;

Y- L ww

(2) n,mel
n#Em

3 frnka(®)
kp

m<n
since 2™ < 62", we have
supp (fnju * Z fmk;t) M supp (fnj’u’ * Z fmk#) =0
kp ku

except for |7 —j'| + v — V| < C.
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Thus
2
1 1
ESC Z Wﬁ—mzvf fnju*meku(x) dz
(2) n;rrln<€nA Jv ku
11 NP S ’
=0 Y ggm 2 [ il OF | Fsae)| ¢
n;'rln<€nA Jv kp
2
1 . 2 1 X
neA jv mea ku
(13) DN
<C / (Z%,,lfnju(snz) dé
njv
9 1/2
N[ E g [t €
m kp

NENEEY

(3) (1) (2
where we have written

2
>-/ (Zfﬂlfm(s)ﬁ) de

(3) njv

= 5 S X gmge [ Ve fuy(a)da

n,n'€A jj' vv’

S+ TS g [V fopota)as

(1) n#En g5’ vv'

and if n’ < n —|log,é|,
[ Vs # g @) o < O o Bl o 1B
whose proof is like that of Lemma 1. Therefore

DDED DETCD DI D) PSS LT Ly TN TR

(3) (1) n'<n j5° v’
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with ”fn,w”% < |SUPP(fnju)|1/2||fnju||§ = (6223n)1/2||fnju”2' Thus

Yo 40 Y et 22NN ) sl gl

® M e 37 v
o\ 1/2 2\ 1/2
<3 HCE YD Wl A 2 w3
(1) n Jv n' '
1/2 1/2
< Z +C§453/26—1 Z ”fn]u”é1 E ”fn'j'l"llg
e njv n'ylu’

=Y +C8|fII1.
(1)

Now, from this last inequality and (12) we have
1/2 1/2
PIRICH DUEDDN NN DR eli Tl ) I
(2) 1) (2 (1)

and since from (12)

Y < C8|logél I3,
(1)

Y +> <08 logél | fII3-
(n (2
Inserting this expression into (11) we finally obtain

ITs flla < Cllog 6261 la,

which is the assertion (8) of Theorem 2.
We notice that if we had refined the proof of Theorem 2 we would obtain

I T5 flla < C83/*|1og 6|**| fl4

we obtain

for every f € L4(R3).

The equality is satisfied by taking a particular f (see P. Tomas [7]); then there
is an inevitable power of |log §| on the right-hand side of inequality (8) and 1/4 is
the accurate power of |log é| that must appear.
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